We consider the effect of broadband decoherence on the performance of refocusing sequences, having in mind applications of dynamical decoupling in concatenation with quantum error correcting codes as the first stage of coherence protection. Specifically, we construct cumulant expansions of effective decoherence operators for a qubit driven by a pulse of a generic symmetric shape, and for several sequences of π-and π/2-pulses. While, in general, the performance of soft pulses in decoupling sequences in the presence of Markovian decoherence is worse than that of the ideal δ-pulses, it can be substantially improved by shaping.
I. INTRODUCTION
Dynamical decoupling [1, 2, 3] (DD) can be very effective in protecting coherence of a quantum system against low-frequency environment [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] . This, combined with low resource requirement, makes it attractive as the first-level coherence protection technique, in combination with quantum error correcting codes [26, 27] (QECC). For such a combined decoherence protection technique to work universally, the performance of the DD should not be reduced in the presence of fast environment modes whose effect on coherence is to be dealt with by QECC.
Previously, the effects of broadband noise on DD were analyzed in a number of publications, with the primary target being the 1/f or telegraph noise [16, 17, 28, 29, 30, 31] . However, the effectiveness of refocusing sequences was mostly studied numerically, apart from special exactly-solvable cases [30, 32] . No attempt has been made to investigate general properties and limitations of decoupling under these conditions. Certainly, there were no analytical studies of effects of pulse shaping on decoupling in the presence of broadband decoherence.
In this work, we concentrate on the dynamical decoupling (DD) of a single qubit (spin) in the presence of a broad-spectrum oscillator bath [ Fig. 1 ]. We first consider the effect of the pulse shape in the special case where the external spin couplings can be described by a combination of a Markovian noise (described by the Lindblad decoherence operators) and a time-independent magnetic field. This basic problem is similar in importance to the canonical pulse-shaping for a nuclear spin in the presence of a chemical shift. For a qubit driven by an arbitrarily-shaped pulse, we construct an analytical expansion of the average decoherence operator, an analogue of the average Hamiltonian expansion [33, 34] but for the qubit density matrix evolution. Analyzing the first two terms of such expansions for several decoupling sequences, we formulate the conditions necessary for improved coherence of the qubit, and construct numerically the pulse shapes that satisfy these conditions. We then compare the performance of the obtained pulse shapes with "hard" pulses and the conventional first-and second-order nmr-style self-refocusing pulses in several decoupling sequences both analytically and numerically. . Dynamical decoupling can be very effective in preserving coherence in the presence of (a) featureless lowfrequency bath [21] and also (b) sharp resonances [35] . In this work we consider the effect of Markovian noise (c) on DD of a single qubit. We assume F (ω) =const up to a large cut-off frequency ωmax ≡ Λ, so that the qubit dynamics associated with the modes (c) can be modeled by the Linblad equation (11) . When the high-frequency spectrum is not flat but is, e.g., a power law ∝ 1/ω α as in Refs. 30, 32, the decomposition into low-frequency (a) and Markovian (c) parts becomes approximate, with the Markovian decoherence ratesγ determined by F (ω) near ω = Ω ≡ 2π/τ determined by the sequence duration τ .
We analyze two kinds of decoupling sequences, the usual decoupling sequences utilizing π-pulses, and the sequences using composite pulses constructed of three π/2 pulses similar to those used in the NMR WaHuHa experiment [33] . While the former sequences interact relatively little with the decoherence operators (δ-pulses leave the diagonal parts of the decoherence operators invariant), the latter ones are constructed to symmetrise the decoherence operator between all three channels. Such a redistribution seeks to minimize the detrimental effects of the non-Hermitian evolution caused by the decoherence operators on higher-level control sequences.
II. MODEL A. Hamiltonian
A system of individually-controlled qubits in the presence of an oscillator thermal bath can be described by the following idealized Hamiltonian
where the control Hamiltonian
the system Hamiltonian with one-and few-qubit terms,
the linear oscillator bath,
and the bath-coupling Hamiltonians,
Here σ α n , α = x, y, z, are the Pauli matrices for n-th qubit, a µ , a † µ are the annihilation and creation operators for the oscillators of the bath, and the operatorsb α n , αβ nn ′ describe the various couplings with the bath. A linear in phonons coupling, e.g., for the single-spin term can be written asb
In the limit where the oscillator modes have a continuous spectrum, the kinetics of the decoherence effects is determined by the set of spectral coupling functions (matrices), e.g., for the single-qubit coupling,
A schematic plot of a single representative component of this function is shown in Fig. 1 . For simplicity, we assume a combination of weak bath coupling and finite temperature T , so that the (generally non-Markovian) master equation [21, 36, 37, 38, 39] in the leading order ("Born approximation") is satisfied for the combination of H S + H C (t). For the case of a single qubit, which is primarily discussed in this work,
where the dissipation kernelF 1 (t) + iF (t) ≡F (t) is defined aŝ
n ω ≡ exp(βω) − 1 is the oscillator occupation number, and β ≡ /T . Dynamical decoupling in the presence of a lowfrequency bath [ Fig. 1(a) ,(b)] was analayzed in Refs. [21, 35] . General conclusion is that a carefully-designed sequence with the period τ ≡ 2π/Ω provides an excellent decoherence protection as long as the adiabaticity condition Ω ω c is satisfied. Here ω c is the bath cut-off frequency such that all ω µ < ω c in Eq. (4).
More precisely, the analysis in Ref. 21 was done for a featureless low-frequency bath [Fig 1(a) ] in the approximation of non-Markovian quantum kinetic (master) equation. The approach was to design a decoupling sequence effective for a closed system with the "frozen" bath, where each term in the bath-coupling Hamiltonian H SB [Eq. (5) ] is replaced by the corresponding term with a non-zero c-number coefficient in Eq. (3) [e.g.,b
n,n ′ , etc., with the matching indices.] The corresponding unitary evolution operator U (t = τ ) after one decoupling period can be characterized by the decoupling order K, the number of terms in the Magnus (cumulant) expansion in powers of H S which are suppressed identically. Such a suppression can be expressed in terms of certain algebraic conditions which were used in the analysis of the solutions of the full master equation, orderby-order in powers of the adiabaticity parameter ω c /Ω. At K = 1, the single-phonon T 1 processes are completely suppressed as long as ω c < Ω (this can also be seen by analyzing the absorption spectra of the driven system [40] ). Additionally, since the bath coupling is modulated at the frequency Ω, the effective dephasing rate is reduced by the factor of ω c /Ω [21] . At K = 2, in many cases (e.g., for a single qubit), dephasing rate is suppressed faster than any power of ω c /Ω < 1: terms of every order in the corresponding expansion are suppressed [21] .
The description in terms of the master equation fails in the presence of sharp resonances [ Fig. 1(b) ]; the corresponding modes have to be included in the Hamil-tonian of the system and the controlled dynamics reanalyzed [35] . Compared to qubits-only systems, presence of oscillators in H S can generate some additional terms in the Magnus expansion of the unitary evolution operator U (τ ) for the closed system which requires more careful sequence design. When this is done, only the effective, DD-renormalized coupling to such modes matters. Nonequilibrium effects like mode heating do not occur as long as this renormalized coupling is small compared to either the width of the spectral peak or the corresponding frequency bias [35] .
B. Markovian decoherence
We now consider the dynamical decoupling in the presence of broadband bath modes, see Fig. 1(c) , assuming that the corresponding inverse correlation time Λ ≡ ω max is much larger than the control bandwidth which determines the pulse rate which can be implemented for the system. Out of the master equation (8), we separate a part D(ρ), Markovian on the time scale slow compared to ω max , and assume that the remaining relatively slow modes are limited to frequencies ω ≤ ω c ≪ ω max . Most generally, Markovian evolution implies the dissipator in the Lindblad form [41] ,
where ρ is the density matrix and Λ j are the decoherence operators. Such a form can also be recovered from Eq. (9) in the Markovian limit where the time-dependence of the kernelF (t) becomes δ-function-like. We note that this separation of the approximately Markovian part of the bath, Eq. (10), does not imply the consitions of high temperature or weak coupling combined with adiabaticity which are usually necessary for the applicability of the Markovian master equation [37, 39, 42] . For example, with flat part of F (ω) ≈ const as in Fig. 1(c) , we could set the low-frequency cut-off ω c β −1 and include the effect of (2n ω + 1)F 1 (ω) in Eq. (9) in the non-Markovian part of the bath kernel. This is precisely the case solved numerically in Sec. IV where the slow bath modes are replaced by correlated classical noise as appropriate for ω T .
To start, we will follow the approach of Ref. 21 , and begin by analyzing the dynamics of the system with "frozen" dynamics of the slow modes in Fig. 1(a) . That is, we will assume that the decoupling frequency Ω is large compared to ω c , so that any bath couplings can be approximated by appropriate terms in H S . Then, the effect of the fast environmental modes [ Fig. 1(c) ] on dynamical decoupling can be analyzed by considering the driven Lindblad equation,
For a single qubit, parametrize the dissipator in terms of a Hermitian non-negative-definite rate matrixγ αβ ,
It is convenient to separate the symmetric real and antisymmetric imaginary parts of the rate matrix,
Then, if we rewrite the density matrix in terms of the Bloch vector R ≡ R(t),
the equation for spin kinetics in the presence of the singlespin control (2) and system (3) Hamiltonians becomeṡ
The terms with V(t) and B describe precession in the effective magnetic fields of the control and the system Hamiltonians, the term withγ describes the coherence loss due to Markovian bath, while the last term in Eq. (15) ensures the correct equilibrium value of R in the absence of control. If we work in the basis associated with the dissipator, the rate matrixγ is diagonal. In particular, for the case of nuclear magnetic resonance (or any physical qubit with large energy difference between the levels), we have γ xx = γ yy = γ, γ zz = γ φ , and the matrix (16) takes the form
These decay rates correspond to the usual coherence times T
The corresponding vector R has only one component, R z ≥ 0. In the special case γ φ = γ, the rate matrix is proportional to the identity matrix,γ = γ 1 1.
We emphasize again that, while the analytical analysis is done assuming time-independent "magnetic field" B in Eq. (17), the decoupling accuracy for obtained pulse shapes is also verified numerically in Sec. IV with the components B µ (t) taken as a classical time-dependent Gaussian correlated noise.
C. Interaction representation & Magnus expansion
In dynamical decoupling, it is the control Hamiltonian H C (t) that dominates the dynamics. The evolution associated with the system Hamiltonian H S [Eq. (3)] or the dissipator D(ρ) [Eq. (10) ] is much slower. Thus, it is convenient to consider the dynamics in the interaction representation with respect to H C (t). To this end, we introduce the non-perturbed unitary evolution operator
where T t represents the usual time-ordering operator, and the corresponding orthogonal spin-rotation matrix, Q 0 ≡Q 0 (t), can be computed as follows
The components Q αβ 0 satisfy the Bloch equatioṅ
If we write the solution of the uniform version of Eq. (15) (i.e., with R = 0) in terms of the full evolution matrixQ ≡Q(t),
we can introduce the decompositionQ =Q 0 S, where the matrix S defines the slow evolution of the Bloch vector in the rotating frame defined by the control fields. The equation for S readṡ
whereΓ(t) is the evolution operator (16) in the interaction representation. The formal solution of Eq. (22) can be again written as a time-ordered exponent,
For a periodic control field, H c (t + τ ) = H c (t), such that the zeroth-order rotation matrix is also periodic, Q 0 (t + τ ) = Q 0 (t), the time-ordered exponent can be evaluated in terms of the average decoherence operator Γ, an analogue of the average Hamiltonian [33, 34] :
where
etc. Generally, the term Γ 
Generally, the trace-conserving modifications of the effective decoherence operator correspond to (some degree of) symmetrization between the decoherence channels. More precisely, the real part of the smallest eigenvalue of Γ cannot be smaller than that ofΓ. This can be seen by separating out the trivial part ofΓ proportional to identity matrix, which corresponds to uniform decoherence for all channels and remains unchanged in the interaction representation (22) .
D. Coherence loss in controlled system
As would be expected on general grounds, Eq. (27) implies that the DD cannot eliminate the Markovian dissipation; at best we can hope to eliminate the off-diagonal terms of matrixΓ and redistribute the rates over the decoherence channels. For example, for an NMR qubit decoherence model, Eq. (17), redistribution (symmetrization) over all three channels would lead to
With γ ≪ γ φ , this is equivalent to a 33% reduction of the maximum decoherence rate, or a 50% increase of the coherence time measured by the fidelity minimized over the initial conditions. We should note that the quoted estimate for the maximum decoherence rate improvement does not take into account the antisymmetric part of the rate matrixγ [Eq. (13) ], or, equivalently, the non-uniform term R in Eq. (15) . In the absence of control fields, this term is responsible for asymptotic thermal-equilibrium orientation of the spin; it is small and can be ignored at sufficiently high temperatures (e.g., room-temperature NMR), but it can be large at temperatures small compared to the qubit level difference ∆E 01 = |B|.
We can drop the non-uniform term R in the analysis of decoherence since it does not affect the evolution of the average fidelity, that is, the fidelity averaged by the initial conditions,F (t) ≡ Tr ρ(0)ρ(t) 0 . Indeed, Eq. (15) is a set of linear differential equations for the components of the Bloch vector R(t); the solution with given initial conditions R(0) ≡ R 0 can be written as a sum of the solution (21) of the uniform equation with the same initial condition, and that of the non-uniform equation but with zero initial condition. In the expression for the average fidelity,F
the solution of the uniform equation is bilinear in the components of R 0 while the non-uniform part is linear; the averaging over all directions of R leaves only the bilinear part,
where we assumed the zeroth-order rotation matrix to be periodic,Q 0 (nτ ) = 1 1, and used the representation (24) in terms of the average decoherence operator Γ. The obtained expression (30) , along with the properties of the average decoherence operator Γ discussed in the previous section [see Eq. (27) ], imply that the average fidelity cannot be improved by means of dynamical decoupling beyond eliminating the effect of the system Hamiltonian H S [Eq. (3)]. With B = 0, this follows directly from the convexity of exponentials in Eq. (30) if one works in the basis where the average decoherence matrixγ = diag(γ 1 , γ 2 , γ 3 ), 0 ≤ γ 1 ≤ γ 2 ≤ γ 3 . In particular, the maximum possible fidelity with given Trγ corresponds to only one non-zero component, γ 3 = Trγ. In this case two (or any even number) qubit errors compensate each other. On the other hand, the symmetric case γ 1 = γ 2 = γ 3 = Trγ/3 in the absence of error correction corresponds to the fidelity minimum.
We should also note that a symmetrization of decoherence rates over channels [complete as in Eq. (28), or partial] would prohibit the use of special QECCs designed for strongly asymmetric error rates between the channels [43, 44, 45, 46, 47, 48] .
In this work we assume that the benefits of dynamical decoupling (due to reduced decoherence coming from the slow degrees of freedom) outweigh the detrimental effects related to symmetrization of the coherence rates.
III. PULSE AND SEQUENCE CHARACTERIZATION A. Hard pulses
Let us now use the obtained formalism to analyze controlled dynamics. We start with hard pulses, with the δ-function centered at the middle of the interval of duration τ p . For example, for a (φ 0 ) x pulse (rotation angle φ 0 with respect to x-axis), the non-zero control field in Eq. (2) can be written as
For the special case φ 0 = π (pulse π x ), the corresponding rotation matrix (20) iŝ
Over the second half of the interval, the components Γ xy and Γ xz are inverted; as a result in the leading order
The expression for Γ (1) (π x ) is too complicated to quote here. However, for the symmetric sequence 2s ≡ XX of X ≡ π x pulses (which is the repeated part of the CarrPurcell sequence), the first-order average decoherence operator Γ (1) (2s) = 0, while the zeroth-order term Γ (0) (2s)
is the same as for a single pulse given by Eq. (33). Deriving similar expressions for a π y pulse, we can easily construct the expressions for standard twodimensional decoupling sequences of hard π-pulses. In particular, the group-averaging [10, 49] 4-pulse sequence 4p ≡ XYXY results in cancellation of all off-diagonal terms to leading order,
while the symmetric sequence 8s ≡ XYXYYXYX (symmetrized version of 4p) results in cancellation of all off-
does not produce any 1st-order corrections, Γ (1) (8s) = 0.
We note that with the hard pulses, the contribution to Γ (2) (8s) is non-zero already for a Hamiltonian evolution withγ = 0, as long as both B x and B y are non-zero.
The hard π pulses do not modify the structure of the diagonal part of the evolution matrix Γ. A redistribution (symmetrization) over different decoherence channels can be done if we deliberately orient the spin along different axes with π/2-pulses. In the absence of the system Hamiltonian (B = 0), for NMR decoherence model (17) , the symmetrization can be achieved with the WaHuHa (MREV-4) NMR experiment [33, 50] , a sequence of π/2 pulses with the cycle 5 = XY 0ȲX of duration τ = 5τ p , where each pulse is centered as in Eq. (31) and 0 stands for a free evolution interval equal to the pulse duration τ p . The averaging of the second-rank coupling achieved by this sequence is used to eliminate dipolar coupling between nuclei. However, the accuracy achieved by this sequence is rather sensitive to chemical shifts; the corrections are present already in the leading order effective evolution operator.
To achieve both the decoherence symmetrization and the decoupling, we constructed several pulse sequences based upon the composite pulses R α ≡ XȲX, R β ≡ XYX, and the inverted versionsR α ≡XYX, andR β ≡ XȲX. Here, X and Y now denote the π/2 pulses applied in the corresponding directions. The composite pulses R α and R β are mutually orthogonal π-pulses constructed in such a way that the spin's x, y, and z axes spend equal time oriented along the z-axis. As a result, they achieve a leading-order symmetrization of the NMR decohernce matrix, see Eq. (17) with B = 0. The twelveand twenty-four pulse sequences, 12 and 24 respectively, are merely the universal decoupling sequences 4p and 8s constructed from these composite pulses,
while the 48-pulse sequence includes an additional cycle of phase ramping analogous to that in MLEV-16 and higher order sequences [51] ,
The basic 12-pulse sequence achieves symmetrization but not the decoupling; the leading-order average decoherence operator reads
The longer sequence 24 achieves both the decoupling and symmetrization of the decoherence operator (17) in the leading order, i.e., Γ
24 is given by Eq. (28)
B. Finite-duration pulses
Let us now analyze the performance of discussed sequences when finite-duration "soft" pulses are used instead of the ideal hard pulses. Basically, we extend the formalism of Refs. 35, 52 to the case of non-Hermitian evolution (15) with the most general symmetric rate matrixγ.
Average evolution operator for a single pulse
We begin with the qubit evolution driven by a onedimensional pulse of arbitrary shape,
The (zeroth-order) evolution operator due to control field alone is given by
This is just a rotation by angle φ(t) around the x-axis,
With non-zero decoherence matrixγ = 0, the evolution operator in the interaction representation, Eq. (22), will contain terms that depend both linearly and bi-linearly on the components of the matrix (41) . In other words, the time-dependence ofΓ(t) will be only through terms proportional to cos φ, sin φ, cos 2φ, and sin 2φ. The functions of the doubled angle are specifically due to the Markovian decoherence operators; they were not present in the analysis of Hamiltonian dynamics in Refs. 35, 52 . For the symmetric pulse shape,
it is convenient to introduce the symmetrized angle
The averages of time-dependent terms can be then written as follows:
and the pulse-averages are defined simply as
We see that, to leading order, the pulse-shape dependence of the average evolution operator Γ (0) [Eq. (25) ] is reduced to only two constants. The parameter υ gives an effective pulse length to first order; it is equal to zero, υ = 0 for ideal δ-inversion pulses (rotation angle φ 0 = π), as well as for Hermitian pulses [53] or other 1st-order self-refocusing pulses [19, 52, 54] . The parameter υ 2 vanishes for ideal δ-pulses with the rotation angle φ 0 = π/2; for hard inversion pulses [Eq. (31)] we have ϕ = ±π/2, thus cos 2ϕ = −1 throughout the interval, which gives υ 2 = −1. For soft pulses with limited amplitude, |υ 2 | < 1. The values of the parameters for some other pulse shapes are listed in Table I .
Specifically for a symmetric π x pulse, we get
which goes over to Eq. (33) for υ = 0, υ 2 = −1.
The first-order average evolution operator, Eq. (26), contains the double integral of the commutator of the rotating-frame evolution operatorΓ(t i ) taken at different moments t i , i = 1, 2. There are only a few combinations of trigonometric functions of the symmetrized angle (43) and the time-independent terms that result in non-zero contributions to Γ
(1) for a single symmetric pulse with the duration τ p :
where ϕ ≡ ϕ(t), ϕ ′ ≡ ϕ(t ′ ), and the two-parameter averages are defined as
The parameters α and ζ completely characterize the Hermitian evolution during the pulse; they were introduced and discussed in detail in Refs. 35, 52.
Decoupling sequences of finite-length π-pulses
Given the computed terms of the average evolution operator for a single finite-duration pulse along the x axis, the corresponding expressions for a pulse along an arbitrary direction can be found by an orthogonal transformation, using the appropriately transformed vector B and decoherence matrixγ. We checked that in simple cases,n = ±e x andn = ±e y , the results coinside identically with those obtained directly as outlined in Sec. III B 1.
With these expressions, the evolution matrixQ for a sequence of pulses can be computed as a product of the evolution operators for individual pulses,
For a sequence of pulses, the net average evolution operator Γ seq can be obtained in terms of a logarithm of the obtained series (multiplied from the left by the correspondingQ 0,seq when it is not equal to 1 1). For the cycle 2s = XX of the Carr-Purcell sequence, the leading-order evolution operator is the same as for a single π x -pulse, Eq. (48), but with υ → 0. The corresponding expression in the subleading order is complicated and contains terms proportional to υ, υ 2 , υυ 2 , α, α 2 , ζ 2 ; all of these terms disappear in the limit of hard pulses. An antisymmetric version of the same sequence, 2a =XX, results in the leading-order evolution operator of the form (48) , including the terms with υ, but the subleading order disappears, Γ
(1) (2a) = 0. Finally, for the phase-ramped four-pulse sequence 4a =XXXX, the leading-order effective decoherence operator is the same as for the Carr-Purcell cycle,
, while the subleading order vanishes, Γ (1) (4a) = 0.
For the two-dimensional decoupling sequence 4p = XYXY, the leading-order effective decoherence operator reads
Note that the corresponding diagonal terms are determined by the diagonal terms of the original matrixγ and the parameter υ 2 [see Eq. (46)], while off-diagonal terms are proportional to the effective width of the pulse υ. For Hamiltonian evolution,γ = 0, one could achieve Γ (0) (4p) = 0 by using self-refocusing pulses with υ = 0.
The next order term is complicated, but it is eliminated for the antisymmetric sequence, 8a = XYXYȲXȲX. Specifically, for this sequence we obtain the same leadingorder expression Γ (0) (8a) = Γ (0) (4p) [Eq. (55)], and Γ (1) (8a) = 0. On the other hand, for the symmetric sequence 8s = XYXYYXYX, it is the leading-order offdiagonal corrections proportional to υ that vanish,
while the subleading order contains terms proportional to υ, α, α 2 , and ζ 2 . All of the corrections can be eliminated by a supercycle of phase ramping which leads to an antisymmetric 16-pulse sequence 16a constructed as the 8s sequence followed by the same sequence with inverted pulses. Specifically,
where Γ (0) (8a) = Γ (0) (4p) is given by Eq. (55). We should mention that for Hamiltonian evolution,γ = 0, one could achieve Γ (0) (8s) = Γ (1) (8s) = 0 by using second-order pulses with υ = α = 0 [35, 52] .
Comparing these results with the analogous sequences of hard pulses, we see that an equivalent cancellation with soft pulses requires careful pulse shaping or doubling the number of pulses in the sequence. On the other hand, while sequences of hard π pulses do not modify the diagonal part of the effective decoherence operator, this is not so with shaped pulses where υ 2 = 0. This corresponds to a reduction of the effective decoherence rate T −1 1 due to redistribution between the channels. For example, with the NMR decoherence model, Eq. (17), the inverse decoherence time becomes
for γ > γ φ and limited control fields (|υ 2 | < 1), this is smaller than the original T (37)] of π/2 pulses, the results are similar to those with hard pulses. Specifically, when used with NMR decoherence model (17) , the sequence 12 achieves leading-order coherence matrix symmetrization but not the decoupling. The symmetrized (and phase ramped) sequences 24 and 48 achieve symmetrization and decoupling in the leading and subleading orders, respectively. More explicitly, for symmetric pulse shapes and the decoherence model (17) ,
The non-zero matrix elements in Γ (1) (24) contain terms scaling as the products of (γ − γ φ ) and the external field components B µ in all combinations; all of the coefficients cannot be eliminated merely by pulse shaping. In the special case B µ = 0, the correction Γ
is suppressed for pulse shapes with υ 2 = α 2 = 0.
With generic decoherence matrixγ, Γ (1) (48) = 0 for 90-degree pulses with υ = υ 2 = 0. In this case the full symmetrization of the decoherence matrix can be achieved as long as γ xx = γ yy , which can be always made to be the case by an appropriate choice of the basis in the x-y plane.
C. Pulse shaping
The obtained analytical results imply two possible applications for pulse shaping. First, a pulse can be shaped to have the coefficients υ, α, α 2 , and ζ 2 zero, so that the second-order correction to effective decoherence operator is zero already for the 8-pulse sequence 8s. The resulting effective decoherence operator Γ will be diagonal, with the matrix elements determined by the diagonal terms of the original decoherence matrixγ and the parameter υ 2 [cf. the diagonal elements in Eq. (55)]. We note that up to terms of second order in pulse duration, one might as well use the longer sequence 16a to cancel the terms in Γ proportional to coefficients υ, α, α 2 , ζ 2 .
The value υ 2 = −1 corresponds to an ideal hard inversion pulse, in which case the diagonal matrix elements of the matrix Γ are not modified. On the other hand, for υ 2 = 1/3, assuming γ xx = γ yy (which can always made to be the case by a rotation in the x-y plane), the effective decoherence operator is fully symetrized [see Eq. (28)]. This is the second potential application for pulse shaping. Again, to second order, the same symmetrization can be also achieved with the composite-pulse sequence 48 using π/2-pulses with υ = υ 2 = 0 (generic decoherence matrix), or any pulses for the special case of NMR decoherence model (17) .
We followed Refs. 19, 52 to construct a number of new π/2 and inversion (φ 0 = π) pulse shapes with
, where the parameter s = 1, 2 determines the number of derivatives that vanish at the ends of the pulse interval (2 and 4, respectively) . The parameters of the new and previously constructed pulses are listed in Tab. I, and their coefficients in Tab. II. The shapes of the pulses we used in the simulations are shown in Fig. 2 . 2 ) with x = 0.10 and y = t/τp − 0.5 is √ 2 wider than that used in Ref. [35] . The shapes S1, Q1 were originally constructed in Ref. [19] . The shapes F1, W11, W21 are constructed in this work, see Tab. II for the coefficients.
IV. SIMULATIONS
Our analytical analysis was only done to second order cumulant expansion, and assuming time-independent fields B µ . The results are asymptotically true in the limit where the sequences are sufficiently short, that is,
is the correlation time of the slow part of the bath. To check for possible effect of ignored terms, we performed numerical simulations of the controlled dynamics of a qubit in the presence of time-dependent correlated classical Gaussian fields B µ ≡ B µ (t), as well as Markovian decoherence described by the Lindblad equation (11), (12) . We specifically used the NMR decoherence model (17) in the regime dominated by phase fluctuations, γ φ > 0, γ = 0 [note that with a non-zero γ the decoherence matrix can be decomposed asγ = γ1 1 + (γ φ − γ) diag(0, 0, 1); the part proportional to the identity matrix commutes with decoupling pulses and can be trivially eliminated.] The fields B µ (t) were chosen as zero-average correlated Gaussian random functions with the correlation function
and the fixed value of the correlation time τ c = 8τ p . The control fields V µ (t), µ = x, y, were generated according to the chosen decoupling sequence and the pulse shape, with the k-th pulse of the sequence fitting in the interval (k − 1)τ p ≤ t ≤ kτ p ; the corresponding decoupling period τ = nτ p is given by the number n of pulses in the sequence. For every sequence, pulse shape, and the realization of the random fields B µ (t), we solved Eqs. (15), (16) TABLE II: Pulse coefficients for various shapes constructed for this work. The control field during the pulse, 0 < t < τp, is represented as V (t) = 2π P n An cos(2πnt/τp).
fidelity (29) was then evaluated using the expression
at the time moments t s commensurate with the sequence duration t s = sτ = snτ p . The calculation results for a particular sample of the fields B µ (t) and several sequences of inversion (φ 0 = π) Gaussian pulses are shown in Fig. 3 . The line marked as "ideal" corresponds to the best achievable fidelity
with the chosen value γ φ = 2π×10 −3 /τ p at the end of the simulation we get F (512τ p ) ideal ≈ 0.680. The points marked "no control" corresponds to average fidelity in the absence of decoupling pulses; the coherence is lost after just a few pulse durations. While decoupling is not particularly efficient (and noise is evident) for the 4-pulse sequence (set of points marked 4p in Fig. 3 ), the fidelity is improved and noise markedly reduced for the sequence 8s, and even more so for the sequence 16a. In fact, the points for sequence 16a are very close to the dashed line which represents the leading-order contribution at B = 0, see Eq. (63) below.
In the presence of the Markovian decoherence, we can view the average infidelity as composed of three terms. First is the inavoidable infidelity due to the Markovian decoherence alone, in the absence of any control fields or low-frequency noise. For the case of pure dephasing, it is given by 1 − F (t) ideal , see Eq. (62). For the value of γ φ used in our simulation, F (t) ideal is shown in Fig. 3 with the solid line. Second is the fidelity loss due to the redistribution of the original decoherence rate(s) over the channels. In our simulations, for the sequences 4p, 8s, 16a of π-pulses other than G 0.10 , this part of the average infidelity is to a very good accuracy determined by the coefficient υ 2 of the corresponding pulses, 
see Tab. I and Fig. 4 . Finally, the third part of the average infidelity is entirely due to the presence of the low-frequency random fields; it is defined as the difference between the average fidelity of the controlled system in the absence of low-frequency fields, and that in their presence, ∆F (t) ≡ F (t) 0 − F (t) . It is this quantity that directly characterizes the ineffectiveness of the decoupling against the low-frequency fields.
The corresponding plots are shown in Figs γ φ = 0 for comparison purposes. The general trend is consistent with the expectations based on analytical expansion. For example, with the Gaussian pulses we get the largest error, with or without the Markovian dephasing; the decoupling error is smaller with the 16a sequence [as compared with the 8s] where the corrections including the subleading order are suppressed. Similarly, specially designed pulse shapes with a larger number of suppressed parameters lead to improved performance in the presence of Markovian dephasing: compare, e.g., the curves for pulses S 1 , W 11 (π), and W 21 (π).
One marked exception is the pulse shape F 1 , for which υ 2 ≈ +1/3 while the other coefficients have magnitude comparable to those for, e.g., the shape S 1 (apart from the coefficient υ which is zero for the shape S 1 ). While in the absence of Markovian dephasing, the decoupling error for the pulse F 1 is qualitatively similar to that for the 1st-order shapes [Figs. 7, 8] , with γ φ = 0 the decoupling error is actually closer to that for the second -order pulses with the sequence 8s [ Fig. 5 ] and is the smallest of the shapes we considered for the sequence 16a [ Fig. 6 ]. We believe that this, at least in part, is associated with the symmetrization of the effective decoherence tensor achieved in the presence of the pulse F 1 , which renders the resulting Markovian decoherence (effectively, the amplitude damping) independent from the decoupling, and thus reduces the contribution from high orders not included in our analytical calculations.
In comparison with the sequences of π-pulses, the basic unit in the sequences of π/2 pulses, 12p, 24s, and 48s, is three times longer. As a result, weaker random fields B µ (t) with longer correlation times are required to achieve comparable decoupling accuracy. In addition, with longer coherence time, longer evolution times are FIG. 5: (Color online) Single-qubit decoupling error for the 8-pulse sequence 8s with several pulse shapes, as indicated. The decoupling error is small for the second-order pulse W21(π) and, somewhat surprisingly, for the symmetrizing shape F1. With γ φ = 0, the infidelity for this pulse shape with sequence 8s grows similarly to that of first-order pulses S1 and W11 [ Fig. 7 ].
required to separate the effects of the transients near the beginning of the simulation interval. By these reasons, we do not discuss the performance of these sequences in detail. For the parameters as in Figs. 5, 6 , the decoupling error with the sequences 24s and 48s saturates at around twenty times that for the sequences 8s, 16a, while with τ c = 32τ p and the same B 0 = 0.1/τ p , the decoupling error is comparable to that in Figs. 5, 6 . Note that these decoupling errors are still small compared to the fidelity loss due to redistribution of the decoherence rates over directions, which for these sequences is identical to that of sequences 8s, 16a with the symmetrizing pulse F 1 [see Fig. 4 ].
V. CONCLUSIONS
We considered the dynamical decoupling in a simple decoherence model simulating the presence of both lowand high-frequency environment modes [ Fig. 1 ], having in mind applications of DD in combination with QECCs. We modeled the effect of low-frequency degrees of freedom in terms of classical correlated noise, and that of the fast degrees of freedom with the help of the Markovian master equation in the Lindblad form, see Eqs. (11), (10) . The combined effect is the non-Hermitian evolution (15) (56), (57)]; the decoupling error is determined by the non-adiabaticity and by the terms of higher order. Generic pulse shapes G0.10, S1, and Q1 show the largest decoupling error, while it is the smallest for the symmetrizing shape F1 (technically, zeroth order, υ = 0; υ2 ≈ 1/3). For shapes F1, W11, and W21, the decoupling error here is actually smaller than the infidelity in Fig. 8 . We believe this is an artefact of the definition of the decoupling error related to the full average fidelity approaching saturation at 1/2 [ Fig. 3 ].
trix is conserved, see Eq. (27) ; in agreement with general expectations, this implies that dynamical decoupling can only decrease the fidelity in the presence of Markovian degrees of freedom alone. This is always the case for DD with soft pulses, which necessarily leads to redistribution of the decoherence rates over the directions, leading to some fidelity reduction even in the absence of the slow degrees of freedom. For evolution time small compared to the decoherence time ∼ γ −1 (as required for efficient error correction), this reduction is a relatively small effect. On the flip side, this redistribution causes symmetrization of decoherence operator which reduces the effect of the non-Hamiltonian dynamics associated with the fast degrees of freedom on the decoupling accuracy. For example, if the symmetrization (28) is achieved at the end of a basic decoupling cycle, decoherence is expected to have no effect on additional cancellations achieved in a supercycle obtained by, e.g., phase-ramping the basic cycle.
To analyze relative importance of these effects, we considered several decoupling sequences of both hard and soft (generic 1st-and 2nd-order and specially shaped) pulses which lead to various degrees of symmetrization of the decoherence operator. For such sequences, in the static limit where the slow degrees of freedom become time-independent, we constructed analytically the first two terms of the (cumulant) expansion of the effective decoherence operator Γ in powers of the sequence pe- The slopes for all the pulse shapes excluding G0.10 are greately reduced if B0 is reduced by a factor of two (not shown). For the Gaussian pulses G0.10, the second-order cancellation is achieved only after the complete sequence with the duration τ = 16τp; the slope reduction happens for slower fields Bµ(t) with τc = 16τp (not shown).
riod τ . With the help of pulse shaping and/or phase ramping, we could ensure that the leading-order average decoherence operator Γ (0) is diagonal and independent of the components of the slow field, while the subleading contribution disappears identically, Γ (1) = 0. Results of Refs. 19, 21 suggest that such sequences might also be effective in the presence of sufficiently weak slowly-varying fields. Numerical simulations generally confirmed these expectations. In the studied parameter range, the best decoupling accuracy is achieved with the sixteen-pulse sequence 16a. With time-independent external fields the sequence provides complete decoupling of the slow fields in the first two orders of the cumulant expansion independent of the shape of symmetric inversion pulses, see Eqs. (56) , (57). The effects of higher order terms and non-adiabaticity of the fields B µ (t) are captured in the simulations, see Sec. IV. The best performance is achieved with the "symmetrizing" pulse shape F 1 constructed with the only requirement that the diagonal part of the leading-order effective decoherence matrix (55) for the 4-pulse sequence 4p is symmetric, i.e., υ 2 ≈ +1/3, see Sec. III B 1 and Tab. I. In fact, in our simulations the part of the coherence loss associated with the slow fields is smaller than that in the absence of the high-frequency degrees of freedom, cf. Figs. 5, 6 and 7, 8. Overall, the suppression of the decoherence due to slow fields associated with the dynamical decoupling increases the coherence time by orders of magnitude.
We thus demonstrated in principle the effectiveness of DD in suppressing the effect of low-frequency degrees of freedom in the presence of high-frequency modes which cannot be eliminated by dynamical decoupling. This opens up possible applications in combined coherence protection techniques concatenating dynamical decoupling with QECC at higher levels. We postpone the corresponding discussion to a futher publication [56] .
